
PHYSICAL REVIEW E APRIL 1997VOLUME 55, NUMBER 4
Propagation of the equilibrium electron beam in a free-electron laser
with an axial guide magnetic field

Shi-Chang Zhang1,2 and John Elgin3
1CCAST (World Laboratory), P.O. Box 8730, Beijing 100080, China

2Department of Applied Physics, Southwest Jiaotong University, Chengdu, Sichuan 610031, China*
3Department of Mathematics, Imperial College, 180 Queen’s Gate, London SW7 2BZ, United Kingdom

~Received 21 December 1995!

The propagation of the equilibrium electrons in a free-electron laser is analyzed and simulated in various
field configurations of the combined wiggler with an axial guide field. It is analytically proven that a reversed
guide field may provide a better propagation quality for an electron beam than a positive guide field, which
partly gives a theoretical understanding of the efficiency enhancement in the MIT free-electron laser experi-
ment with a reversed guide field@Phys. Rev. Lett.67, 3082 ~1991!#. Our simulation not only confirms the
earlier conclusion that at antiresonance in the uniformly-reversed-field regime the electrons on or near the outer
edge of the electron beam may execute highly irregular trajectories and may obtain sufficiently large transverse
velocity to be intercepted by the waveguide wall, but also reveals the phenomenon that some electrons close to
the axis of the electron beam may obtain sufficiently large transverse velocity to hit the wall before the exit of
the wiggler. Nonlinear simulations demonstrate a significant result that the combination of a down-tapered
wiggler plus an up-tapered reverse guide field may most effectively improve the propagation quality of the
electron beam.@S1063-651X~97!15203-5#

PACS number~s!: 41.60.Cr, 52.75.Ms, 41.85.Ja
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I. INTRODUCTION

In a free-electron laser~FEL! the propagation quality o
the equilibrium electrons affects the gain, operating f
quency, and interaction efficiency. An axial magnetic field
often employed to guide the propagation of the elect
beam through the wiggler, and to enhance the gain. A
well known, the electrons will get a component of Larm
motion when an axial guide magnetic fieldB0êz is applied.
There have been many articles in the literature devoted to
dynamics of the electrons in a combined wiggler with ax
guide magnetic fields. As an ideal case, the axis-cente
helical orbit and its stability were studied by means of
one-dimensional wiggler model@1–3# and a three-
dimensional wiggler model@4–6#. The chaotic features o
this ideal helical orbit have been investigated by several
thors@7–14#. We constructed the Poincar`e surface-of-section
maps@10,13# and calculated the entropy-like quantity@15# of
the relativistic electron in the case of a reversed guide fi
and more recently Tsui@16# revealed a new reverse guid
field singularity, which partly provided an explanation of th
efficiency enhancement observed in a recent FEL experim
with a reversed guide field@17#.

In practice, an electron beam has a large number of e
trons withoff-axisguiding centers when they get their tran
verse velocityv' in the adiabatic range of the wiggle
Therefore, even if the electron beam hasno initial spread
when it is emitted from the electron gun, electrons will d
verge in the velocity space and/or configuration space as
propagate through the helical wiggler, since they feel diff
ent values of the three-dimensional wiggler field. This div
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551063-651X/97/55~4!/4684~10!/$10.00
-

n
is

he
l
ed

u-

d,

nt

c-

ey
-
-

gence deteriorates the propagation quality of the equilibri
electrons, and certainly affects the performance of a fr
electron laser. The dynamical behavior of the electrons w
off-axis guiding centers was studied by using simulatio
@18–20#, an average wiggler approach@21,22# where the har-
monics of the wiggler field were averaged out, and harmo
expansion@23#.

In this paper, we study the propagation of the equilibriu
electrons in various field configurations and demonstrate
the propagation quality of an electron beam may be
proved most effectively by the combination of a dow
tapered wiggler with an up-tapered reversed guide field.
organize this paper as follows. In Sec. II a three-dimensio
helical wiggler field is expanded in harmonic series. It is t
basis to analyze the off-axis electron’s motion. Then both
axial and the transverse velocities of an off-axis electron
derived. Based on the functional relationship between ve
ity fluctuation and the amplitudes of guide field and wigg
field, proposals are qualitatively deduced to improve
propagation quality of the electron beam. In the present
per the terminology ‘‘velocity fluctuation’’ refers to the ve
locity variation of the electrons drifting through the wiggle
but is not the original velocity spreads that the electron be
carries, which are quantified by the beam emittance. In S
III nonlinear simulations and comparisons are provided
various field configurations to verify our proposal. Finall
several conclusions are drawn in Sec. IV.

II. ANALYSIS OF ELECTRON’S MOTION

A. General expansion of three-dimensional helical wiggler

The three-dimensional field of a helical wiggler can
expressed in cylindrical coordinates (R,w,z) as follows@3#:
4684 © 1997 The American Physical Society
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Bw52BwI 18~kwR!cos~w2kwz!êR22Bw

I 1~kwR!

kwR

3sin~w2kwz!êw12BwI 1~kwR!sin~w2kwz!êz ,

~1!

where êR , êw , and êz are the basis vectors in cylindrica
coordinates,Bw andkw are the wiggler amplitude and wave
number~i.e.,kw52p/lw , lw being the length of the wiggle
period!, and I n and I n8 are thenth-order modified Besse
function and its derivative with respective to the argume
respectively. In the combination of a helical wiggler with a
axial guide magnetic field the dynamic analysis of the el
tron’s motion with off-axis guiding centers may become ea
if the helical wiggler field is expanded in terms of the simu
taneous cyclotron radius, cyclotron angle, and the guidi
center position. Before we consider the specific physical s
tem, let us first derive the general expansion of Eq.~1! in
terms of basis vectorsêr and êu shown in Fig. 1~a!. This
procedure is a purely mathematical calculation without a
physical restrictions. The transformation of basis vector fr
~êR ,êw! to ~êr ,êu! is

êR5êrcos~w2u!1êusin~w2u!, ~2!

êw52êrsin~w2u!1êucos~w2u!. ~3!

Then the transverse component of the wiggler field can
rewritten as
s

f
t

t,

-
y

-
s-

y

e

Bw'5êrBw@ I 0~R̄!cos~u2 z̄!1I 2~R̄!cos~2w2u2 z̄!#

1êuBw@2I 0~R̄!sin~u2 z̄!1I 2~R̄!sin~2w2u2 z̄!#,

~4!

where we have normalizedR andz asR̄5kwR and z̄5kwz.
With the aid of Graf’s addition theorem of modified Bess
function @24# for the triangleDOAG ~see Fig. 1!

I n~R̄!cos~nj!5 (
m52`

`

~21!mIm1n~R̄g!I m~ r̄ !cos~mc!,

~5!

I n~R̄!sin~nj!5 (
m52`

`

~21!mIm1n~R̄g!I m~ r̄ !sin~mc!,

~6!

where

j5wg2w, ~7!

c5~p2wg!1u, ~8!

and R̄g5kwRg , we obtain the general expansion of helic
wiggler field as follows:
Bw'52êrBw (
l52`

`

I l~R̄g!I l~ r̄ !cos@ l ~u2wg!#cos~u2 z̄!1êrBw (
l52`

`

I l12~R̄g!I l~ r̄ !cos@2wg2 l ~u2wg!2~u1 z̄!#

2êuBw (
l52`

`

I l~R̄g!I l~ r̄ !cos@ l ~u2wg!#sin~u2 z̄!1êuBw (
l52`

`

I l12~R̄g!I l~ r̄ !sin@2wg2 l ~u2wg!2~u1 z̄!#, ~9!

Bwz52Bw (
l52`

`

I l21~R̄g!I l~ r̄ !sin@ l ~u2wg!1wg2 z̄#êz . ~10!
gle
is
n-
si-

an

it

of
It should be emphasized thatRg andwg are restricted by the
geometrical relationship

Rg5@R21r 222Rr cos~u2w!#1/2, ~11!

wg5arctanF R sin~w!2r sin~u!

R cos~w!2r cos~u!G , ~12!

or by the relationship

Rgcos~wg!5R cos~w!2r cos~u!, ~13!

Rgsin~wg!5R sin~w!2r sin~u!. ~14!

Now we examine the physical meaning of Eqs.~9! and~10!.
Suppose that in Fig. 1~a! point A denotes the simultaneou
location of the considered electron, and pointG is its guiding
center. Then Eqs.~9! and~10! indicate that from the point o
view of the considered electron, the wiggler field turns out
 o

be a series of cyclotron harmonics about the cyclotron an
u. Generally speaking, the local field felt by the electron
related with both the rotating motion around the guiding ce
ter and the guiding-center shift, that is, related with the
multaneous Larmor radiusr , cyclotron angleu, and the
guiding-center positionRg andwg .

B. Specific expansion on a helical orbit

The expansion of the wiggler field on a helical orbit c
be easily derived from Eqs.~9! and ~10!. In the combined
wiggler with an axial guide magnetic field, the helical orb
has the property ofu2z̄5p/2 for group I orbits andu2z̄5
2p/2 for group II orbits andz̄5kwv̄ it @1–6#. Substituting
this relationship into Eqs.~9! and ~10!, and, without loss of
generality, lettingwg5p/2, one can obtain the expansion
the wiggler on a helical orbit
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Bw'5êrBw (
n52`

`

I n~R̄g!I n22~ r̄ !sin~nz̄!

1êuBw (
n52`

`
2~n21!

r̄
I n~R̄g!I n21~ r̄ !cos~nz̄!,

~15!

and

Bwz52Bw (
n52`

`

I n~R̄g!I n11~ r̄ !cos~nz̄!êz . ~16!

If one averages Eqs.~15! and~16! within a cyclotron period,
that is, integrates with respect toz over a wiggler periodlw ,
one obtains

^Bw'&522Bw

I 1~ r̄ !

r̄
I 0~R̄g!êu , ~17!

^Bwz&52BwI 1~ r̄ !I 0~R̄g!êz , ~18!

which coincides with the expressions given in Ref.@21#.
Here we see that̂Bw'& and ^Bwz& turn out to be the lowes
approximation in Eqs.~15! and ~16!, that is, the only one
harmonic withn50 in Eqs.~15! and~16!. It will be useful to
rewrite Eqs.~15! and ~17! in Cartesian coordinates@cf. Fig.
1~b!# as

FIG. 1. Coordinate systems employed in the harmonic exp
sion of a helical wiggler field in~a! general case, and~b! specific
case of a helical orbit.
Bw'52Bw (
n52`

`
n

r̄
I n~ r̄ !I n21~R̄g!

3@ êxcos~nkwv̄ it !1êysin~nkwv̄ it !#, ~19!

^Bw'&52Bw

I 1~ r̄ !

r̄
I 0~R̄g!@ êxcos~kwv̄ it !1êysin~kwv̄ it !#,

~20!

where êx and êy are the unit vectors inx and y directions,
respectively.

C. Analysis of electron’s velocity

It is difficult to derive theexactsolution of the equation of
motion for a relativistic electron with off-axis guiding cente
in a combined helical wiggler with axial guide magnet
field. As a matter of fact, we have shown that there is
purely helical orbit as the guiding center is off axis@22#. In
order to give prominence to the effect of the velocity ha
monics, we approximately evaluate the magnetic forces
an ideal helical orbit with equivalent Larmor radiusr̄ and
equivalent guiding-center positionR̄g .

The equation of the transverse motion may be appro
mately expressed by

d~gm0v'!

dt
52e@v'3~B0êz1^Bwz&!1 v̄ iêz3Bw'#,

~21!

whereg, m0, 2e, v' , and v̄ i are the electron’s relativistic
energy factor, rest mass, negative charge, transverse velo
and the average of the axial velocity, respectively. Substi
ing Eqs.~18! and ~19! into ~21! yields

v'5v'0@cos~V̄it1w0!êx1sin~V̄it1w0!êy#1v',fluc,
~22!

where

v',fluc52 (
n51

`

@ êxvxncos~nkwv̄ it !1êyvynsin~nkwv̄ it !#,

~23!

and the amplitudesvxn andvyn are

vxn5
4n2Vwv̄ iI n~ r̄ !

r̄ ~nkwv̄ i2V̄i!~nkwv̄ i1V̄i!

3@kwv̄ iI n8~R̄g!1V̄iI n~R̄g!/R̄g#, ~24!

vyn5
4nVwv̄ iI n~ r̄ !

r̄ ~nkwv̄ i2V̄i!~nkwv̄ i1V̄i!

3@n2kwv̄ iI n~R̄g!/R̄g1V̄iI n8~R̄g!#. ~25!

Here V̄ i5e[B012BwI 1( r̄ )I 0(R̄g)]/(gm0c), Vw5eBw/
(gm0c), c is the light speed in vacuum,B0 is the amplitude
of the axial guide field, andv'0 andw0 are the integral con-
stants, which depend on the entrance condition, respectiv

The equation of axial motion may be approximately d
termined by

n-
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55 4687PROPAGATION OF THE EQUILIBRIUM ELECTRON . . .
dvz
dt

52
e

gm0c
v'3^Bw'&. ~26!

FIG. 2. Cross-sectional views of the 5000 test electrons at
exit of the wiggler for~a! group I withB054.06 kG,Bw050.63 kG,
I b590 A, ~b! group II withB0510.9 kG,Bw050.63 kG,I b5300 A,
and ~c! reversed guide field withB05210.9 kG,Bw051.47 kG,
I b5300 A, where the initial state of these 5000 test electrons is
Gaussian random distribution. Herein and hereafter the relativ
energy factor of the beam is 2.4677 with an initial Gaussian spr
of 1%, the average radius of the beam is 0.25 cm, the wigg
period is 3.18 cm, the wiggler length is 2 m, the adiabatic range
a length of six wiggler periods, and the drift tube is a cylindric
waveguide with a radius of 0.51 cm.
Inserting Eqs.~20! and ~22! into ~26!, we obtain

vz5vz01vz,fluc, ~27!

vz,fluc5 (
n51

`

vzncos~nkwv̄ it !, ~28!

where the amplitudevzn is

vzn5
4Vw

2 I 1~ r̄ !I 0~R̄g!I n~R̄g!

nkwr̄
2

3F ~n11!I n11~ r̄ !

~n11!kwv̄ i2V̄i

2
~n21!I n21~ r̄ !

~n21!kwv̄ i1V̄i
G , ~29!

and vz0 is the integral constant, which depends on the
trance condition.

D. Improvement of the beam’s propagation quality

The first terms in Eqs.~22! and ~27! denote the initial
velocities on a helical orbit, which depend on the entran
conditions, while the second terms in Eqs.~22! and ~27!
represent fluctuation velocities relative to the initial velo
ties v'0 and vz0. As the off-axis-guiding-center electron
have differentR̄g andr̄ , the values of theirvxn , vyn , andvzn
must be different. Anelectron beamin the combined wiggler
with axial guide magnetic field has a large number of o
axis electrons with different distances from the axis, i.
with different Larmor radii and guiding centers. Therefor
the divergence of the electron beam in velocity space is
evitable when the electron beam propagates through the
gler, no matter how small the initial velocity spread is. No
ing that both the magnetostatic wiggler field and axial gu
magnetic field do no work, and that the electron’s ene
maintains its initial value at entrance@12(v'0

2 1v z0
2 )/c2#21/2

when the electron beam propagates through the wiggler,
understand that a relatively small fluctuation of transve
velocity corresponds to a relatively small fluctuation of ax
velocity, and vice versa. Evidently, in order to improve t
propagation quality of an electron beam, it is essential
suppress the velocity fluctuationsvzn and v'n of the elec-
trons.

In Eqs.~24! and~25!, I n(R̄g).0 andI n8(R̄g).0 hold, thus
in the case of a reversed guide field~V̄ i,0! the numerator is
smaller than that in a positive guide field~V̄ i.0!. For ex-
ample, at resonance (uV̄ iu'kwv̄ i) vxn andvyn are approxi-
mately proportional toI 2(R̄g) in a reversed guide field, while
vxn and vyn are approximately proportional toI 0(R̄g) in a
positive guide field. Therefore, we draw an important co
clusion that a reversed guide field~V̄ i,0! may provide a
better propagation quality for the electron beam than a p
tive guide field~V̄ i.0!. This conclusion may partly give a
theoretical understanding of the efficiency enhancemen
the recent FEL experiment in MIT where the positive gui
field was replaced by a reversed guide field@17#.

From the physical and mathematical points of view, w
may dissociate a tapered field slightly varying with the ax
distance as many discrete statuses, each of which co
sponds to a situation of a constant field, and then analyze

e
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after another. Although the above formulas are derived i
untapered field and cannot reflect theexactbehavior of an
electron in a tapered field, we mayqualitativelydeduce the
tend of the velocity fluctuation of the electron beam in t
pered field by investigating the functional relationship in t
above formulas. It is easy to show that in Eq.~29! vzn is an
increasing function of wiggler field, and also is an increas
function of V̄ i in a positive guide field, but is a decreasin
function of uV̄ iu in a reversed guide field. Therefore, a dow
tapered positive guide field seems to be better than an
tapered positive guide field, and an up-tapered rever
guide field is better than the uniformly reversed guide fie
Considering the functional relationship mentioned above,
propose a combined field configuration of a down-tape
wiggler with an up-tapered reversed guide field, which m
most effectively improve the propagation quality of the ele
tron beam. In the following section we shall present detai
simulations of propagation of the electron beam to verify t
proposal.

III. NONLINEAR SIMULATIONS
OF E-BEAM PROPAGATION

In order to demonstrate the advantage of the field com
nation of a down-tapered wiggler plus an up-tapered reve
guide field, we give comparisons by simulating the propa
tion of the electron beam in various field configurations.
the nonlinear simulations, we assume that the initial state
the tested electrons in velocity space and configuration sp
are a Gaussianrandomdistribution, and we trace 5000 te
electrons with initial energy spreadDgz0/g051%. Each test

FIG. 3. Velocity distributions of the 5000 test electrons at t
exit of the wiggler for ~a! group I, and~b! reversed guide field,
where the parameters are the same as those in Fig. 2.
a

g

n-
ed
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FIG. 4. Evolutions of the normalized axial velocity versus t
axial distance for~a! group I, and~b! reversed guide field, where
100 electrons are plotted which are selectedat random from the
5000 test electrons, and parameters are the same as those in F

FIG. 5. Evolutions of the normalized transverse velocity vs
axial distance for~a! group I and~b! reversed guide field, where
100 electrons are plotted, which are selectedat randomfrom the
5000 test electrons, and parameters are the same as those in F
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electron is governed by the equation of motion

d~gm0v!

dt
52e@Es1v3~Bw1Bg1Bs!#. ~30!

Here Bw is the wiggler field shown in Eq.~1! with
Bw5Bw0[11z( z̄2 z̄w0)] where the amplitude of the wiggle
is tapered with slopez at the positionz̄w0, the axial guide
field is tapered with slopee at z̄g0,

Bg5B0@11e~ z̄2 z̄0!#êz2
1
2 eB0~ x̄êx1 ȳêy!, ~31!

andEs andBs are the self-fields of the electron beam@25#:

Es52~m0/2e!Rvb
2êR , ~32!

Bs52@~m0/2e!vz0Rvb
2êw , ~33!

wherevb is the plasma frequency of the electron beam, a
z̄5kwz is the normalized quantity ofz. The equation of mo-
tion is solved in terms of the Runge-Kutta method of ord
four, and the invariantg@12(v/c)2#1/2 is chosen to monitor
the accuracy of the iterations. In the simulation we cho
the typical parameters of the MIT experiment as follo
@17#: the relativistic energy factor is 2.4677, the average
dius of the electron beam is 0.25 cm, the drift tube is
cylindrical waveguide with radius of 0.51 cm, the wiggl
period is 3.18 cm, the wiggler length is about 2 m, and
adiabatic range of the wiggler has a length of six wigg
periods. The profile function of the magnetic field in th
adiabatic range that is included in our numerical analy
results from our simulation of the reported measurement
the MIT experimental facility~cf. Fig. 4 in Ref.@26#!.

A. Untapered field configurations

Firstly, we simulate the propagation of the electron be
in untapered wiggler plus an untapered positive guide field
plus an uniformly reversed guide field. Figure 2 shows
cross-sectional views of the 5000 test electrons at the ex
the wiggler for~a! group I withB054.06 kG,Bw050.63 kG,
I b590 A, ~b! group II with B0510.9 kG,Bw050.63 kG,
I b5300 A, and~c! uniformly reversed field withB05210.9
kG, Bw051.47 kG, I b5300 A. Although the electron beam
does not diverge in the configuration space for all the th
circumstances, theaxis of the electron beam substantial
deviates from the symmetrical axis of the cylindrical wav
guide when the guide field is positive. This deviation c
tainly affects the interaction between the electron beam
the rf fields of the waveguide, because it changes the loca
of the beam in the waveguide. In the MIT experiment@17#,
indeed, the efficiency of the beam-wave interaction is 9
2%, and 27% for the group I, group II, and reversed fie
parameters, respectively. Besides the configuration de
tion, the velocity fluctuation of the electron beam in the p
cess of propagation through the wiggler may be an impor
factor to affect the beam-wave interaction. Figure 3 displ
the comparison of the velocity distributions of the 5000 t
electrons at the exit of the wiggler for the group I and for t
uniformly reversed field. It is found that the velocity span
a positive guide field is much wider than the velocity span
the uniformly reversed guide field. To further examine t
d
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e
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-
-
d
on

,

a-
-
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details of the propagation of the electrons, we plot, in Figs
and 5, the evolutions of the axial velocity and the transve
velocity of 100 electrons which are selectedat randomfrom
the 5000 test electrons. One can see from Figs. 4 and 5
after the adiabatic range the axial and transverse velo
fluctuations are, respectively,Dv i/c'0.02 andDv'/c'0.08
in the case of the positive guide field, while in the case of
uniformly reversed guide field the axial and transverse
locity fluctuations areDv i/c'0.007 andDv'/c'0.03, re-
spectively. These results demonstrate that a positive g
field yields more serious velocity fluctuation than uniform
reversed guide field when the electrons propagate thro
the wiggler.

In summary, a uniformly reversed guide field may pres
a better propagation quality for an electron beam than a p
tive guide field. This conclusion coincides with the res
derived in Sec. II.

B. Up-tapered reverse guide field configuration

Although the uniformly reversed field is in favor of th
beam propagation compared with a positive guide field, b
the MIT experiment@17# and the theoretical analysis@23# as
well as Eqs.~24! and~25! in Sec. II indicate that the electro
beam diverges at the antiresonance~Bw051.47 kG,
B0527.6 kG!. Now we give a comparison between th
propagations of an electron beam in a uniformly revers
guide field and in an up-tapered reversed guide field. Fig
6 gives the details of the evolutions in configurations sp
and velocity space for 100 electrons, which are selecte
random from the 5000 test electrons, where 16 electron
these 100 electrons hit the wall of the cylindrical wavegu
at the positions plotted by the horizontal lines. Figure
shows a loss of about 17% of the 5000 test electrons on
waveguide wall, and only 83% of the test electrons p
through the wiggler. Here the simulation is in excelle
agreement with the measured data in the MIT experim
where the beam current decreased from 300 A at the entr
of the wiggler to 248 A at the exit of the wiggler. Figure
6~a!–6~d! show a serious deterioration of the propagati
quality of the electron beam at anti-resonance, which s
ports the earlier opinion@19,23# that the output power dip a
the antiresonance observed in the MIT experiment@17# re-
sults from both the loss of the beam current and the p
propagation quality of the electron beam. It should
pointed out that the previous literatures@19,23# only found
that at antiresonance the electrons on or near the outer
of the beam may execute highly irregular trajectories a
may obtain sufficiently large transverse velocity to be int
cepted by the wall of the waveguide. As shown in Fig.
however, our simulation reveals that the electrons even c
by the axis of the beam maybe obtain sufficiently large tra
verse velocity to hit the wall before the exit of the wiggle
although their orbits are nearly helical.

As we expected in Sec. II, Figs. 7 and 8 indicate a d
matic improvement of the beam propagation at antiresona
by an up tapered reversed guide field atkwzg0540 with slope
e50.01. No electron hits the wall of the waveguide befo
the exit of the wiggler, and the divergence of the beam
both configuration space and velocity space becomes sm
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FIG. 6. Evolutions of~a!, ~b! the normalized transverse position and~c!, ~d! the normalized velocity vs the axial distance atantiresonance
with Bw051.47 kG,I b5300 A, and uniformly reversed guide fieldB0527.6 kG, where 100 electrons are selected at random from the 5
test electrons and plotted; figures~e!, ~f!, ~g!, and~h! display the evolutions of the normalized transverse position and normalized vel
of an electron, which is close by the axis of the beam.
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FIG. 7. Evolutions of~a!, ~b! the normalized transverse position, and~c!, ~d! the normalized velocity vs the axial distance atantireso-
nancewith Bw051.47 kG, I b5300 A, and reversed guide fieldB0527.6 kG up-tapered atkwzg0540 with slopee50.01, where 100
electrons are selected at random from the 5000 test electrons and plotted; figures~e!, ~f!, ~g!, and~h! display the evolutions of the normalize
transverse position and normalized velocity of the electron corresponding to the one in Figs. 6~e!, ~f!, ~g!, and~h!.
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The above comparison demonstrates that an up-tap
reversed guide field may provide a better propagation qua
for an electron beam than a uniformly reversed guide fie
The qualitative deduction in Sec. II is in agreement with t
nonlinear result.

C. Combination of a down-tapered wiggler
with an up-tapered reversed guide field

In a free-electron laser the self-fields of the electron be
plays an important role if the beam current is high. For e
ample, the self-fields of the electron beam may cause a
kind of unstable orbit@6#, induce chaotic behavior@7,10#,
generate a new reverse guide field singularity@16#, affect the
dispersion property of the waveguide modes@27#, and tend
to reduce saturation efficiency and enhance beam sprea
depending upon the magnitude of the external beam focu
@28#. In this subsection an electron beam with a high curr
I b52000 A is considered. Figure 9 provides comparisons
the velocity distribution at the exit of the wiggler at nonres
nance withBw051.47 kG,B05210.9 kG for ~a! untapered
fields ~z50, e50!, ~b! untapered wiggler~z50! plus a re-
versed guide field up-tapered atkwzg0540 with e50.0012,
and ~c! a wiggler down-tapered withz520.0018 plus a re-
versed guide field up-tapered withe50.0012, both beginning
at kwz540. The results shown in Fig. 9~a! and 9~b! confirm
the conclusion obtained at antiresonance in the last sub
tion: The propagation quality of the electron beam in u
tapered reversed guide field is better than in uniformly
versed guide field. More importantly, it is demonstrated
Fig. 9 that the combined configuration of a down-tape
wiggler with an up-tapered reversed guide field may be
most effective approach to improve the propagation qua
of the electron beam.

IV. CONCLUSIONS

In this paper we have presented detailed thr
dimensional analysis and nonlinear simulations for
propagation of the electrons in various field configuratio
including the circumstance with high beam current. The f

FIG. 8. Comparison of the beam loss at antiresonance betw
an untapered reversed guide field~e50! and a reversed guide fiel
up-tapered atkwzg0540 with slopee50.01, whereI b0 denotes the
value of the beam current at the entrance of the wiggler. The los
17% of the beam current whene50 is in excellent agreement with
the observation in the MIT experiment@17#.
ed
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lowing conclusions can be drawn.
~1! A uniformly reversed guide field can present a bet

propagation quality for an electron beam drifting through t
wiggler than an untapered positive guide field. Additional
at antiresonance in the uniformly-reversed-field regime
only the electrons on or near the outer edge of the beam
execute highly irregular trajectories and may obtain su
ciently large transverse velocity to be intercepted by the w
of the waveguide, but also the electrons close to the axi
the beam may obtain sufficiently large velocity to hit th
wall before the exit of the wiggler.

FIG. 9. Velocity distributions of the 5000 test electrons at t
exit of the wiggler at nonresonance withBw051.47 kG,B05210.9
kG for ~a! untapered fields~z50, e50!, ~b! untapered wiggler
~z50! plus a reversed guide field up-tapered~e50.0012! at
kwzg0540, and~c! a wiggler down-tapered~z520.0018! plus a
reversed guide field up-tapered~e50.0012!, both beginning at
kwz540, where the beam current is 2000 A, and other parame
are the same as those in Fig. 2.
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~2! The propagation quality of the electron beam in
up-tapered reversed guide field may be better than in a
formly reversed guide field.

~3! The most effective approach to improve the propa
tion quality of the electron beam may be the combined c
figuration of a down-tapered wiggler with an up-tapered
versed guide field.

Based on the above conclusions, a free-electron laser
tu

n

-

du
i-

-
-
-

ith

down-tapered wiggler plus up-tapered reversed guide fiel
proposed, and further calculation including the radiati
fields is undertaken.
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